Semiconductor nanolasers represent the current frontier of research in the confluencing area of nanotechnology (or nanophotonics) and semiconductor lasers. In this paper, we review some of the most exciting progress made recently in the area. We will focus on nanoscale lasers made of semiconductor nanowires grown in a bottom-up fashion or nanopillars that are produced through a top-down wafer etching. Special features of these nanolasers will be reviewed. In particular, recent results on metal-semiconductor plasmonic lasers will be presented which represents the smallest lasers by taking advantages of surface plasmonic effects. Due to the small size and strong confinement in these nanolasers, certain familiar concepts in semiconductor-laser physics need to be re-examined to determine their validity or implication at nanoscale. These include the concept of modal gain and confinement factor (CF). The seemly abnormal behavior of CF in dielectric and plasmonic nanolasers will be explained from a unified point of view. Throughout this tutorial, we attempt to address the question of how small a laser can be made or whether there exists an ultimate size limit for a laser.
1 Introduction Since the first lasers were made exactly 50 years ago, lasers have had profound impact to both our daily lives and various fields of science and technology in ways matched by few other inventions. The research field of laser science and technology is still as active and exciting as ever. As we enter the second half of the laser millennium, it is fitting to review one of the frontiers of laser research, i.e., the field of nanolasers. The field of nanolasers is the result of cross-fertilization between the general field of nanotechnology or nanophotonics, and semiconductor lasers. Nanolasers refer generally to miniaturized lasers that have sizes comparable to or smaller than wavelength involved. The driving force behind the development of nanolasers, and more generally nanophotonics, is the wellrecognized size mismatch between silicon-based microelectronic devices and the compound-semiconductor-based optoelectronic devices. As is evidenced by Moore's law for microelectronics, miniaturization and large-scale integration can lead to drastic improvement of performance and simultaneous decrease in cost. Efforts in integrated photonics over the last few decades have led to much less impressive results than electronic integrated circuits (ICs). Although there are many obstacles such as diversity of materials and devices in photonics, the large size of photonic devices is one of the important obstacles. The size mismatch is especially critical if the grand integration of electronics and photonics is going to be successful. Quantum mechanically, both electrons and photons are waves and the size of any wave-based devices are ultimately limited by the wavelengths involved. But the wavelength of electrons is orders of magnitude shorter than that of photons for the typical near-infrared or visible spectrum. Thus electron devices can, in principle, be made much smaller than optical ones. While significant part of large size of photonic devices is due to such fundamental wavelength limit, the choices of materials and fabrication method can significantly improve the size mismatch before fundamental limits become series roadblocks. A simple example is provided by replacing a standard optical fiber with a semiconductor nanowire. The large index contrast of nanowires in air immediately allows the reduction of a single mode waveguide from several microns in the case of glass fibers to several hundreds of nanometers. Thus miniaturization of lasers would most likely benefit from paradigm shifts in terms of materials combination and methods of fabrication. Several of paradigm-shifting approaches in the last decade have resulted in record size reduction of microcavity lasers. These new approaches are best represented by the microdisk lasers supported on a pedestal [1] [2] [3] , the photonic wire lasers [4] and photonic crystal (PC) lasers [5] [6] [7] [8] , and random lasers [9] . The high quality-factor cavity provided by the whispering-gallery modes in microdisk lasers allows the gain volume to be reduced to the minimum. Similarly, high quality factor provided by photonic bandgap structures leads to a record size in optical mode volume. In a random laser, long internal scatterings allow lasing in a very small volume containing random emitters. While the vertical size of disk and PC laser structures is sub-wavelength already, the lateral size is still comparably larger, on the order of 10 mm. In addition, a large overall dielectric structure is required to achieve a small optical volume in a PC laser. Finally, all but one [5] of these lasers are so far optically pumped, whereas eventual device integration requires electrical injection lasers. Several questions arise naturally: Can we reduce the size (especially the total size) of lasers even further beyond what has been achieved in microdisk lasers and PC lasers? Or more fundamentally, how small can a laser be made, or is there an ultimate size limit for a laser?
2 Two length limits for a laser To answer these questions or their other variations, let us recall some basics of laser physics. Figure 1 shows schematically a laser cavity where a propagating mode has to be stationary inside the cavity to form a laser. Mathematically this means that a complex field amplitude, E 0 at an arbitrary location inside the cavity has to return to the original value after a round trip propagation and twice of reflections at the two-end facets, or
where r 1 ; r 2 ; k are amplitude reflectivities of the two facets and complex propagation constant, respectively. Splitting Eq. (1) into real and imaginary parts leads to following two equations (k ¼ k 0 þ ik 00 ):
L ¼ Àlnðr 1 r 2 Þ ðÀ2k 00 Þ ;
where l and n eff stand for wavelength in vacuum and the effective index of refraction of the laser medium, respectively. For the lowest order mode (m ¼ 1), we obtain a minimum dimension requirement for a laser
Equation (3) defines another minimum length requirement 
The last equality in Eq. (5) defines the relationship between the imaginary part of the propagation wavevector and the modal gain, which defines amplification rate of the power of a given mode. The modal gain is typically defined as the product of the material gain, G 0 , and the so-called confinement factor (CF), G :
This is a convenient relationship since it factorizes modal gain into a pure material property (material gain) and a pure geometrical property of a waveguide (CF).
This simple analysis shows that a waveguide-based laser is ultimately limited by the two length scales defined above. The first is the well-known half-wavelength condition or sometimes called diffraction limit associated with any wave. The second length scale simply states that the propagation in gain medium has to be at least long enough to overcome a threshold loss determined by the facet reflectivities. Now the questions we asked earlier can be reformulated slightly: What are the limits of these two length scales and how to reduce them?
The first length scale is simple. For a fixed wavelength in vacuum, the only way to reduce L ð1Þ min is to increase the effective refractive index. For a purely semiconductor-based laser structure in infrared, the index is around 3.0-3.5, so that the first length scale is around 300 nm for a wavelength of around 1 mm. To reduce this length even further, it is obvious that plasmonic structures have to be used, partly due to the large effective index. This is especially true near the surface plasmon polariton (SPP) resonance [10, 11] , where the real part of wavevector shows a maximum as a function of frequency, thus defining a maximum effective index. This is the very mechanism for the so-called wavelength compression or wave squeezing [12] , which are the main reason why SPP has been proposed for applications in nanophotonic devices.
The second length scale, L ð2Þ min , can be minimized by having highest reflection coefficients and high modal gain. In a vertical cavity surface emitting laser (VCSEL), the reflectivities are already maximized through the use of Tutorial Figure 1 (online color at: www.pss-b.com) Schematic of a laser cavity showing the length, L, and reflection coefficients of the twoend facets, r 1 and r 2 .
www.pss-b.com distributed Bragg reflectors (DBRs), such that the effective L ð2Þ min is reduced to about 2 mm for a wavelength of 1 mm. But the total thickness of a VCSEL is still 5-10 mm including the DBRs. In a standard edge emitting semiconductor laser, the L ð2Þ min can be between 10 and 100 mm, depending on the exact cavity design and the choice of gain materials. It is obvious from this analysis that L ð2Þ min is typically much larger than L ð1Þ min for both edge and surface emitting lasers. Thus the first priority of reducing the size of a laser is to reduce the second length scale, L ð2Þ min . While facet reflectivities are already maximized in the case of VCSELs, modal gain is a mechanism and design parameter that has not been fully explored. Since material gain is an intrinsic material property without much room for design optimization, the CF becomes a critical parameter for design to maximize modal gain and to reduce L ð2Þ min , and ultimately to reduce the size of a laser.
The discussions above are valid in general for the ''propagational'' directions [13] . In the guiding direction of certain standard waveguides such as a cylindrical waveguide or symmetric slab waveguide, there is no cut-off wavelength or cut-off size requirement. In these waveguides, the first length scale is no longer required along the guiding direction. This is why it is possible to make lasers that break the halfwavelength limit in certain spatial directions.
3 The confinement factor Since increasing CF becomes crucial in laser miniaturization, the concept and definition of CF need to be re-examined closely. Typically CF is introduced as a measure of the fraction of the material gain that amplifies a given mode (or modal gain), as expressed in Eq. (6) . The usefulness of this concept is that it allows us to obtain the modal gain quickly from simple geometric consideration of the waveguide, once the material gain is known. In a standard semiconductor laser where the wave-guiding is relatively weak and the wave propagation is quasi-paraxial, CF for the TE mode is very often expressed as optical power (energy) in the active region as a fraction of the total optical power (energy) in the entire mode. But this definition is not generally valid and the inaccuracy becomes significant for waveguides with high index contrast or strong guiding. As we reduce the size of lasers by having stronger wave-guiding, the field inside such a small nanolasers is very often fully vectorial with all the field and wavevector components and the propagation becomes strongly nonparaxial. The standard separation between TE and TM cases is not always possible. In this case, the familiar definition of CF needs to be re-examined. Even this issue has been addressed by many authors [14] [15] [16] [17] [18] [19] [20] , the prevailing usage in the literature including many text books has been incorrect. The most striking failure of the prevailing definition of CF as a power ratio was first recognized in the case of nanowire lasers, where the correct definition shows a CF of larger than unity [15, 17, 20] . In the following, we extend the definition of Ref. [17] and write CF in a more transparent way to show why CF can be larger than 1 and how it is still physical to have a modal gain larger than the material gain.
We consider a wave-propagation along z-direction of the waveguide and the wave is guided in the transverse (x, y) direction. We assume that all quasi-stationary field variables (E,D,B,H) are decomposed into a fast exponent part and the remaining slowly spatial dependent parts for E (and similarly for all other field quantities) as E ¼ AðzÞEðx; yÞe ik z zÀivt þ c:c:
Under the rotating wave approximation [21, 22] , we can write the Poynting vector as
Note we ignore the time dependence in the slowly varying envelope functions since we are interested in stationary propagation in space (along z-direction) only. To apply the Poynting theorem, we consider the total flux of the Poynting vector in the volume enclosed by two infinitely large planes perpendicular to the waveguide propagation direction at z and z þ Dz. Since the volume is infinitely large along the transverse direction, there is no flux in the outward direction transversely. Thus
Iðz þ DzÞ À IðzÞ;
where I is the total power flux through the entire waveguide at a location z and
On the other hand,
where s is the conductivity. From (9) and (11), we obtain
Equation (12) can be recast into the more familiar form by dividing and multiplying by I 0 on the right hand side so that we can write (12) into
where the coefficient, G m is naturally the modal gain, since it describes the rate at which the modal power is amplified. It is given by
where the integrals are over the entire transverse plane of the waveguide. The physical meaning of the modal gain is very clear: the intensity of a mode whose transverse modal structure is defined by Eðx; yÞ and Hðx; yÞ is amplified by the factor of G m . To introduce the concept of CF, we treat a case where the cross-section of waveguide has uniform gain in the core (active region) and no gain or loss in the cladding. Thus the conductivity is zero outside the core and, in the active region, given by
where e 00 a ; n b ; G 0 are the imaginary part of the dielectric function of the gain material, background index of refraction, and material gain of the active material, respectively. In this case, the modal gain is factorized into the CF and the material gain as in (6) . By comparing (14) , (15) , and (6), the CF is given by [17, 20] 
where the integration in the numerator goes over the uniform gain medium, while that in the denominator over the entire cross-section of the waveguide. Note that this is a general definition of the CF for a dielectric waveguide with a uniform gain medium as part of the cross-section of the waveguide. Since there is no ambiguity in the definition of modal gain and material gain, the CF as defined in (16) is unique. The definition in (16) can be cast into a physically more transparent form by using following familiar definitions and relationships:
where w e and w m are the stored electrical and magnetic energy of the field respectively; e b is the complex dielectric function of the gain medium, and v E is the energy velocity of the waveguide. It can be easily shown that
where v ph ¼ c=n b is the phase velocity in the active medium and n b is the index of refraction of the background gain medium. Note that G 0 defined as a ratio of the energy in the active region to the energy in the entire waveguide is consistent with the conventional definition of CF and is always smaller than 1. But the pre-factor, the ratio of the phase velocity to the energy velocity, is important. Since this pre-factor is, in general, larger than 1, the CF can be, in principle, larger than 1. From (20) , it is also obvious that the reason that CF can be larger than 1 is a slower energy velocity of the waveguide mode. For a purely dielectric waveguide, the energy velocity is the same as the group velocity, which is related to a group index of the waveguide. The CF is further written as
The significantly slower group velocity or larger group index [20] was the reason why nanowire modes were shown to have CF larger than unity [17] . Depending on modes and operating frequency, group index can be up to $50% larger than the background index [20] . Other equivalent expressions of CF are given in Ref. [20] .
There have been some discussions among experts about the definition of CF and the physical meanings associated with it, especially when it is larger than unity. First of all, from the mathematical point of view, the definition as outlined above is unique. Second, the definition maintains the physical meaning of being the ratio of the modal gain to the material gain. In addition, a larger-than-unity CF means from Eq. (6) a modal gain larger than material gain. This makes complete sense in terms of physics, since a significantly slowed-down mode does experience more gain per unit length than a plane wave in uniform medium (which is the definition of the material gain). The larger modal gain has important consequence of allowing one to make a laser with lower threshold, or make a smaller nanolaser. Obviously there is a drawback of having a very slow mode as a laser mode, since the round trip time will significantly increase, leading to a slow device. But for quasi-CW applications where reaching threshold is the top concern, having a slow mode with larger CF allows lower laser threshold. This is especially important for the current research in nanolasers, especially in plasmonic lasers where the top concern is to have enough gain. Actually, the corresponding situation is more interesting in the case of plasmonic nanolasers, as we will show in the following.
The discussion so far has been about gain per unit length. An obvious question to ask is if the modal gain per unit time has increased or not. Or does the CF larger than 1 still make physical sense if the gain per unit time keeps the same? Note the general equation for the power propagation in a dielectric waveguide with both space and time evolution and cavity loss is written as follows:
where is the loss per unit length due to transmission through the cavity facets (compare with Eqs. 3 and 6). For the time evolution of the cavity-integrated power,
Obviously the first term indicates that the modal gain per unit time does not increase as a result of decrease in group velocity. But now the effective loss per unit time (the coefficient of the second term in Eq. (24)) has decreased due to a slow group velocity. Therefore, the decrease of threshold as a result of slower propagation of waveguide mode is still true and real in either picture of time evolution or spatial evolution. It manifests itself either as an increase of modal gain per unit length or decrease of cavity loss per unit time.
The definition of the CF we introduce here also shows a general strategy for increasing modal gain for nanolasers or minimizing laser sizes. As we shrink the size of laser and, necessarily at the same time, increase the index contrast for stronger wave-guiding which very often leads to slower group velocity, the CF will increase as a result. From this perspective, increasing CF by increasing wave-guiding or slowing down the modal energy propagation becomes a key strategy for making smaller lasers. This consideration leads to two approaches to realizing miniaturized lasers or nanolasers: the first is based on semiconductor nanowires and the second on metal-coated semiconductor structures. We will consider both cases in the following.
4 Semiconductor nanowire lasers 4.1 Brief overview Semiconductor nanowires refer to quasi-one-dimensional structures with dimensions typically of 10-100 nm in diameter and 1-100 mm in length. The wires for optical applications are typically made of compound semiconductor materials of III-V or II-VI groups. The growth is usually based on the so-called vapor-liquid-solid mechanism [23] and very often seeded by metal particles as catalyst. Because such wires exist in the air after the growth, the contrast of the refractive indices between the wire ($3.0) and air, defined as index difference divided by the average index, is around 100%. In contrast, the relative index contrast in a GaAs/AlGaAs waveguide is only a few percent. The small size and high index contrast make nanowires ideal candidates for nanolasers with large CF, as can be expected from the discussion of the last section. In addition, individual nanowires serve both as gain media and as waveguide at the same time. This further ensures a large overlap of electronic and photonic modes, further increasing the CF.
Another important advantage of nanowires as nanolaser is the widely available bandgaps. Nanowires can be grown either epitaxially on a single crystal substrate or randomly on amorphous substrate. In the former case, nanowire growth has much larger tolerance to lattice mismatch than planar epitaxial film growth. This allows much more choices of growth materials on a given substrate than the planar epitaxial technologies, thus more available bandgaps. In the latter growth mode, substrate is simply a mechanical support and can be any crystal or amorphous substrate. This allows almost unlimited wavelength variations by growing different materials or by alloying different compound semiconductors, offering an unprecedented advantage for laser applications.
Since the first demonstration of ZnO nanowires as ultraviolet lasers in 2001 [24] , nanowire lasers based on various materials have been demonstrated for various wavelengths, in array form or as individual lasers [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] under optical pumping. But electrical injection has turned out to be quite difficult and so far only one demonstration has been reported [31] . More in-depth research is needed to achieve efficient electrical injection and to identify more fabrication-compatible approaches. While most of the nanowire lasers were demonstrated in the visible or UV wavelengths, the first nanowire laser in the infrared wavelength was achieved recently [35] based on GaSb nanowires [37] , which seems to be still the only nanowire lasers in the infrared wavelength range.
Unique characteristics
Even though nanowire lasers had been demonstrated repeatedly by many groups, it was intriguing to understand the lasing mechanism and characteristics of the laser operation in nanowires. This is because of the major differences between NW lasers and standard semiconductor lasers as we mentioned earlier. The first issue was to understand the feedback or cavity mechanism. It is very often assumed that a nanowire laser works as a Fabry-Perot (FP) cavity. This is true only in the sense that they have similar localized reflectors at the both ends of the structure. But since the size of the facets of a nanowire is comparable to, or smaller than, the wavelength involved, nanowire facets behave more like localized scattering centers, rather than large planar reflectors, as in the case of a standard FP cavity. As it turned out through a careful study [38] , the facet reflectivity in a nanowire is much more complicated than in the case of a simple FP cavity. The reflectivity can be significantly larger or smaller than the results of the Fresnel formula for planar reflectors depending on the modes, wavelength, and diameter of the wires [38] . Since the facet reflectivities determine the threshold of a laser, a good understanding and an accurate estimate of the facet reflectivities are very important. Further discussions on this issue can be found in Refs. [17, 20, 38] .
Another important characteristic of any laser is the farfield emission pattern. Since the optical modes of nanowires are generally fully vectorial due to the small size and strong wave-guiding, the corresponding large transverse components of wavevector mean that the far field can be very divergent. Scattering of propagating modes by the end facets further complicates the far field. A numerical study [39] of the far-field propagation of the nanowire modes indeed shows very non-trivial behavior of the far field. Especially the TE 01 and TM 01 modes do not have angular maximum along the wire axial direction. Rather the propagational direction is about 408 off the forward direction along the wire. For a certain combination of wire diameter and frequency, there is even a significant propagation in the backward direction. However, the HE 11 mode does have a maximum along the forward direction. A near-field scanning study [32] of light emission from individual wires seems to indicate the existence of both on-and off-axis maximum of the far field. But the experiment was performed on wires that are horizontally on the substrate, different from what was studied in the numerical simulation [39] . Further experiments on vertically standing wires or wires suspended in air are needed in order to verify the theoretical predication. Likewise, far-field behavior of a nanowire on a dielectric or semiconductor substrate still needs to be studied to compare with the experiment of Ref. [32] . The complicated far-field behavior of nanowire lasers will have serious implication for applications. This is likely true for all nanoscale lasers. As the size of lasers becomes smaller and smaller which requires in turn larger and larger index contrast to better guide the modes, the far-field directionality becomes worse as a result of fully vectorial (or non-paraxial) propagation. Systematic efforts are needed in far-field engineering or nanolasers will be mostly limited to near-field or localized applications.
Distribution of spontaneous emission into various modes such as free space modes or guided modes is of importance to both lasers and light emitting diodes (LEDs). For LED applications, it is important to have more light emission into free space modes, which increase the extraction efficiency. Here again due to the small size and high index contrast, nanowires show significantly different behavior compared to standard planar semiconductor structures. Due to the cut-off limits of all but one mode for sufficiently small wires, the extraction efficiency can be very high for small-diameter wires [20, 40] . On the other hand, the spontaneous emission factor into cavity mode (the beta factor) for sufficiently large diameter can be as high as 50% [20, 40] , which is several orders of magnitude higher than that for a GaAs/AlGaAs planar heterostructure laser. The strong dependence of spontaneous emission factor on diameter or operating frequency can be also an advantage of nanowire-based lighting emitting devices.
Electric injection nanowire lasers
Optically pumped nanowire lasers have been demonstrated extensively. But for any eventual system level application, electrical injection is indispensable. Although many attempts have been made by the wide community, most efforts in making an electrical injection lasers eventually only result in an LED. The only electrical injection nanowire lasing was reported by Duan et al. [31] . These authors placed a CdS nanowires horizontally on a p þþ silicon substrate and electrons are injected then from a metal layer wrapped on top side of nanowire. Laser linewidth as narrow as 0.3 nm was observed out of a much broader spontaneous emission background as injection level is raised. This is still the only reported experimental demonstration of electrical injection nanowire laser. Other efforts using similar configuration or longitudinal p-i-n structures have not resulted in lasing.
There are many issues that need to be resolved before fabrication-compatible, high-yield approaches can be identified to produce consistent, electrical injection nanowire lasers. From the growth and fabrication point of view, highly controlled p-n or p-i-n structures with large enough gain regions are needed with well-controlled doping levels of various layers or segments. This becomes challenging as layers become very thin and each segment becomes very short. Fabrication of good metal contacts on such tiny structures becomes very challenging. From device physics point of view, many new issues need to be understood in connection with the nanoscale of the cross-sections between different semiconductor sections and at semiconductormetal junctions. For example, it is shown that reduction of junction cross-section could lead to significantly increased depletion width [41] [42] [43] [44] [45] that affects the carrier transport and injection. Similarly reduced screening effects related to the nanometer cross-section affect the contact resistivity significantly [44] [45] [46] . Furthermore, various p-i-n junctions in radial direction, along the axial direction, or in cross-bar configuration [47] [48] [49] [50] [51] [52] [53] have been fabricated, but it is not clear which one of them provides better electrical injection and what the optimized structures are for efficient injection.
Recently, we conducted [54] a three-dimensional simulation to compare two types of popular structures for their relative merits as candidates for electrical injection. As shown in Fig. 2 , we compared a core-shell p-n structure and a longitudinal p-i-n heterostructure with the i-region being the narrower bandgap region than the p-and n-regions. We found that high levels of electrons and holes can be injected and confined in the core-shell structure even without an iregion. Furthermore, the core-shell p-n structure is far superior to the p-i-n structure along the axial direction in terms of electrical injection. As shown in Fig. 3 , the injection level for core-shell structure is more than an order of magnitude larger than for the longitudinal structure at the same level of doping and bias. Due to the special features of the radial heterostructure, no intrinsic region is necessary to Tutorial Figure 2 (online color at: www.pss-b.com) Nanowire structures for electrical injection: longitudinal p-i-n structure (top) and coreshell p-n structure (from Ref. [54] ).
www.pss-b.com confine the injected electrons and holes. The typical carrier leakage from the minority sides as seen in the conventional planar p-n structures does not occur due to the relatively long transport distance to the opposing contacts and special geometry of the core-shell structure. This realization will simplify the growth process. In addition, core-shell structures with proper design can be made into vertical arrays of nanolasers with top and bottom contacts fabricated the traditional way. Currently it seems difficult to grow large core-shell structures enough for guiding optical modes. Several groups are actively working on core-shell structures for electrical injection lasers.
Widely tunable nanowire lasers
As we mentioned earlier, one of the important advantages of nanowire lasers is their insensitivity to growth substrate. Therefore semiconductors of widely varying lattice constants and bandgaps can be grown on a given substrate, thus allowing a broad band of wavelengths for light emission and absorption. This opens a wide range of new application capabilities such as multi-color LEDs and white light generation, multispectrum detectors (or even spectrometer-on-a-chip), and a complete new kind of solar cells [55] . As lasers, nanowires with widely tunable bandgaps will provide ideal materials for widely tunable nanolasers. In comparison, epitaxial materials grown using the conventional planar growth technology are severely limited by requirement of close lattice matching, so that small range of bandgaps can be achieved on a given substrate.
It is worth noting that nanoparticles can also provide wide range of bandgap variation by altering the size or composition of nanoparticles. The range of bandgaps realized has been very impressive. But there are several reasons that nanowires are preferred for such applications to nanoparticles. First, the solution phase synthesis used for producing such nanoparticles makes sorting out different bandgaps and arranging them (for example, into any configuration in space) difficult. Second, unlike nanowires, nanoparticles lack intrinsic transport mechanism for carrier injection or extraction which is needed for almost any device applications such as detectors or lasers. Third, the solution phase synthesis is not compatible with the standard processing steps of semiconductor devices; finally, nanowires provide natural waveguides, while nanoparticles require additional fabrication of waveguides.
Several groups have recently demonstrated ways of achieving nanowires or nanobelts of various bandgaps through alloy composition changes in a ternary alloy [47, [56] [57] [58] [59] [60] [61] [62] [63] . The first approach is to take advantage of temperature dependence of incorporation of various elements into an alloy during deposition process [47, [57] [58] [59] [60] . The second one is through spatial profiling of the reagent elements [56] . It was shown that various alloy compositions can be achieved through different deposition temperatures in ZnCdS and CdSSe nanowires [57] or nanoribbons [59] . It is interesting to note that the composition graded alloys of these materials in bulk crystal forms were first realized 40 years ago by Reimers using the same temperature dependence effects [64] . Using a modified CVD setup where three minitubes were placed in parallel inside a CVD reactor, it was recently shown that the entire composition range of InGaN can be achieved by placing different source elements in different minitubes. The spatial profile of elemental distribution on a vertically placed substrate allows relative ratios of In-and Ga-atoms vary at different locations to affect a change in alloy composition [56] .
To fully take advantages of temperature dependence of alloy composition, we recently [58] purposely engineered a temperature gradient in a one-zone CVD reactor along the length of a tube reactor. The temperature gradient and the range of temperature variation over a horizontally placed substrate of about 1 cm long was optimized such that the entire composition range of CdSSe can be grown over the length of a single substrate with composition changing continuously from CdS to CdSe. The design also ensured that local temperature at each longitudinal location is optimized for the growth of that given composition. Although various earlier papers have indicated spatial alloy composition grading through temperature change, this was the first time [58] that all the spatial dependent measurements have been conducted systematically to uniquely relate local temperature variation to various spatial resolved characterizations such as elemental mapping, micro-XRD measurements, theoretical bandgap interpolation, and photoluminescence. The high level agreements among all the characterization results have unambiguously documented the spatial alloy composition grading along the length of a substrate. The optimization of local growth temperature also led to high material quality. As a result, lasing was observed in the entire composition range on the original growth substrates of either silicon or glass, as shown in Fig. 4 . This represents tunable semiconductor lasers with the widest tuning range ever reported on a single substrate and could have many important applications. Although the composition graded bulk CdSSe and ZnCdS alloys were achieved 40 years ago [64] in various composition ranges, there has been almost no new applications enabled by such materials. Part of the reasons might be that it is difficult to fabricate separate contacts or to pump optically or electrically different composition ranges selectively. In contrast, such composition graded alloy materials in nanowire form are readily addressed separately for different wavelength ranges and more compatible to devices applications than their bulk counterparts. This is especially advantageous for tunable lasing under electrical injection. Vertical arrays of longitudinal or radial p-i-n structured alloy nanowires with graded composition will be the ideal tunable lasers, where tunability can be achieved through selective on-off switching of particular sets of contact circuits.
5 Semiconductor-metal structures and plasmonic nanolasers 5.1 Semiconductor core metal-shell plasmonic nanolasers As we pointed out earlier, individual nanowires represent already some of the smallest nanolasers. Further reduction of the size of nanowires, however, will lead to poorer wave-guiding [65] and thus to higher laser threshold. A question naturally arises: how to improve wave-guiding for smaller nanowires, or more generally, for other semiconductor or dielectric gain structures. It is quite natural to consider metal coating as a potential possibility, since metal is known to be the best in terms of confining electromagnetic waves, especially near the surface-plasmon polariton (SPP) resonance. But metal is also known for being too lossy: the loss is maximal near plasmon resonance. The key question is if a semiconductor core can provide enough gain to compensate metal loss in the shell. This question was first addressed by a two-dimensional simulation of a simple core-shell structure [66] , where the core is a generic semiconductor gain material with a complex dielectric constant in the form of e s ¼ 12 þ ie (15)), where n b is the index of refraction of the unexcited semiconductor. The metal was assumed to be silver and the well-documented dielectric function for silver [67] was used and curve fitted for the numerical simulation. The dispersion relation (dependence of real part of the propagation wavevector as a function of photon energy) is shown in Fig. 5 , where the two straight lines represent the dispersion relations in air and in a uniform semiconductor, forming the dielectric bounds for the waveguide modes. Several features are immediately obvious from Fig. 5 . First, the dispersion curves with metal coating extend beyond the dielectric bounds at both small Re(k z ) and large Re(k z ). Compared to the pure dielectric modes, the cut-off frequencies are lower. This means that the same structure can be used to make longer wavelength devices or smaller device can be made for a given wavelength. Obviously the cut-off becomes ''softer'' now due to metal loss. At the high Re(k z ) side, the dispersion curve goes beyond the light line of the uniform semiconductor and reaches a maximum. This peak is the well-known SPP resonance. At resonance, the Re(k z ) is as large as 80 inverse microns. The corresponding effective wavelength is around 80 nm near the resonance energy of 2.25 eV, representing a reduction of wavelength by a factor of 8 from the vacuum wavelength. Such wavelength compression by SPP coupling was the reason why visible light could be squeezed into a slot waveguide as small as a few nanometers [12] . But for a laser cavity design and for most of other applications where long propagation length is required, it is important to examine the imaginary part of the wavevector, since it corresponds to gain or loss. While the dispersion relation for most of plasmonic-semiconductor structures has been well documented, the imaginary part of the wavevector is very often ignored. Figure 6 shows imaginary part of the wavevector as a function of photon energy for a few low order modes of a semiconductor core with and without metal shell. For each mode, three different levels of material gain are used with e 00 s ¼ 0; À0:1; À0:3 from top to bottom, respectively. Our intention is to find out if and in which frequency range metal loss can be compensated or even exceeded by the increasing material gain in the semiconductor core. As expected, the curve is completely positive without gain in the semiconductor core, meaning an overall damped propagation, since the power flux (or intensity) of a given mode propagates in the linear regime according to
Comparing (13) and (25), we can easily define the modal gain as
The loss is maximal near the resonance. As we increase the material gain further, we notice that portion of the third curve for the HE 11 and TM 01 modes become negative, meaning the occurrence of a positive modal gain. Since both the semiconductor gain in the core and the metal loss in the shell are fully taken into account, the modal gain here is the net gain experienced by a mode. While HE 11 mode has a small modal gain around 1.5 eV, the TM 01 mode has a much larger modal gain near its cut-off frequency. The gain bandwidth for TM 01 mode is around 250 meV. As we approach the cut-off frequency, the gain approaches infinity for the TM 01 mode. Such a gain is meaningless since the real part of wavevector goes to zero or the wavelength becomes infinitely long. But somewhat above the cut-off frequency at photon energy around 1.7 eV, the modal gain is approximately 10 000 cm À1 . This is to be compared with the material gain of around 6000 cm À1 corresponding to e 00 s ¼ À0:3. In other word, the modal gain is 1.6 times material gain. In a pure dielectric structure, this factor is the CF. But as we will discuss later, the concept of CF is more complicated for a metal-semiconductor waveguide. Another feature to notice is that for all the levels of material gain we show in Fig. 6 , the modal gain near SPP resonance (around 2.25 eV, as seen from Fig. 5 ) is always negative. However, as we found out recently, modal gain is also possible near the resonance at higher material gain level [70] .
As we explained in connection with the discussion of the real part of the wavevector, the SPP resonance would be the perfect frequency range to make nanophotonic devices, since the wavelength compression is maximal, or the effective wavelength is the minimum. But from Fig. 6 we see that the modal gain is divergently negative near the resonance. Thus SPP resonance is not the right frequency to design a nanophotonic devices due to the large loss within the material gain level discussed here. There is in general a tradeoff between a tolerable metal loss and the degree of wavelength compression in a metal-semiconductor nanolaser design. Therefore, both real and imaginary parts of the wavevector should be considered in order to optimize a nanolaser design. At photon energy around 1.55 eV, enough gain is possible to overcome the loss of a typical cavity of a semiconductor laser.
It is interesting to compare the transverse confinement of energy flux between this photon energy and SPP resonance, as is shown in Fig. 7 . Near the resonance around 2.2 eV, the Poynting vector is almost anti-symmetric about the semiconductor-metal interface. There is almost as much energy flux in the semiconductor core going in the positive direction as in the metal going in the opposite direction. As a result the net energy flux is almost zero. This also indicates why the loss near resonance is so large due to the large modal profile inside the metal. On the contrary, the modal Poynting vector is mostly guided inside the semiconductor and much less in the metal below SPP resonance at 1.55 eV. As a result, the modal gain is positive and large. It is important to notice that the confinement of Poynting vector at 1.55 eV is comparable to that at 2.2 eV. The discussion here indicates that there is a frequency window of about 250 meV for a core-shell waveguide with a core radius of 70 nm. As core size increases, the cut-off frequency and the low boundary of gain band both shift to long wavelength. The cut-off energy shifts to 1 eV for TM 01 mode. It is estimated that the band of positive modal gain will move down to around 0.8 eV for a slightly larger core diameter. That would make the coreshell laser structure an ideal waveguide with positive gain for the telecommunication wavelength of 1.55 mm.
The core-shell laser was very soon independently demonstrated by Hill et al. [68] . Instead of coating a nanowire from a bottom-up growth, they used an etched circular pillar from a standard InP-based wafer. The advantage of using etched wafer is that electrical injection becomes straightforward and the devices can be made using the standard III-V semiconductor processing steps. Hill et al. were able to show that a semiconductor pillar of $250 nm in diameter and 1 mm in height coated with gold can work as a laser at cryogenic temperature. This was the first metalcoated laser demonstrated at this wavelength and the smallest laser ever demonstrated under electrical injection at the time. This also verified the design and basic concept of Ref.
[66] as we described above.
While this initial demonstration was very impressive, it has left some questions unanswered. One of the key questions was the role played by metal shell and whether an active SPP excitation was involved. This is because the wavelength in the semiconductor medium is around 400 nm. The lowest order mode in a cylindrical cavity requires a diameter of roughly 400/p, which is smaller than the diameter used in Ref. [68] . Therefore a pure dielectric mode could also be supported in such a structure, with surrounding gold playing a marginal role of an ideal metal.
To address this issue and to explore the ultimate size limit from one of the spatial dimensions first, a similar structure to that of Ref. [68] was investigated recently [69] . Instead of the circular pillar, a rectangular pillar was considered. The semiconductor core has a side length of 3 or 6 mm, while transverse thickness in the range between 90 and 300 nm (see Fig. 8 ). The vertical structure is the same as the original one with a height of around 1 mm. In addition, the gold shell was replaced by silver for better plasmonic property at high temperature. Several features of these new devices are worth noticing. The first is that the thicker devices (of thickness about 300 nm) were able to lase at room temperature. Another noticeable aspect of the new lasers is the optical thickness of the cavity. The thinnest structure consists of a 90-nm-thick semiconductor core and two SiN layers of 20 nm each in thickness. The total optical thickness is around 370 nm, assuming index of refraction for InP and SiN to be, respectively, 3.1 and 2.0. The total optical thickness should be compared to the half of the lasing wavelength for this structure, which is roughly at 685 nm. The ratio of optical thickness of the cavity to the halfwavelength is around 0.54, as opposed to a minimum of 1 required by the typical half-wavelength condition or diffraction limit, as we discussed at the beginning (see Eqs. 2 and 4). This is the thinnest laser ever reported and the first example showing that one should be able to break the diffraction limit using composite semiconductor-metallic structure. To be exactly correct, there is also a small penetration depth into the metal. But this depth is typically around 20 nm or smaller. Given the small refractive index of metals, the optical thickness added by the metal layer is insignificant.
5.2 Modal gain and confinement factor for metallic cavities [70, 71] To understand the metalsemiconductor laser better, we need to examine the issue of modal gain more closely. As mentioned earlier in connection (Section 5.1) with the core-shell structure already, we have a modal gain that is much larger than the material gain in the core. Obviously the concept of CF needs to be examined for waveguides with cross-section containing both dielectric and metallic regions such as a core-shell structure or a metal-semiconductor-metal (MSM) sandwich structure [70] [71] [72] . The key to remember is that the modal gain is the gain experienced for a given propagating mode. Since the mode in general extends both into metallic and semiconductor gain regions, metal loss needs to be taken into account
Tutorial Figure 7 (online color at: www.pss-b.com) Poynting vector along the propagation direction as a function of radius of the core-shell structure at two photon energies (compare to Fig. 6 to see their respective positions in the modal gain curves). Figure 8 (online color at: www.pss-b.com) Schematic structure of the semiconductor-core metal-shell plasmonic laser. The scanning electron microscope (SEM) graph in the right side shows the semiconductor core pillar before silver was coated.
www.pss-b.com in the same way the modal gain in the core is treated. Thus the net modal gain in such a structure is the gain in excess of the metal loss. The general definition of modal gain in Eq. (14) can be easily generalized. Using (10), (14) , and (19), we can write the net modal gain as follows:
where quantities and integration with ''m'' or ''s'' stand for the metal and semiconductor, respectively. According to (8) , (10), and (19) 
To rewrite the net modal gain in Eq. (27) in a more physically transparent form, we use relationship between conductivity, the imaginary part of the metal dielectric function, and material gain in semiconductor. Furthermore, the modular square of the electrical field in Eq. (27) can be related to the electrical field energy using Eqs. (29) and (30) . The model gain can then be written as
where the material gain is defined as follows with index ''m'' or ''s'' standing for quantities in metal and semiconductor, respectively 
Obviously the material ''gain,'' G m 0 in metals is negative, since the imaginary part of the dielectric constant is positive. The CF for semiconductor (with superscript ''s'') and for metallic structure (with superscript ''m'') are given as follows: 
where the integration is over the semiconductor (superscript ''s'') or metal (superscript ''m'') in the integration limit and W e and W m are total electrical energy and magnetic energy per unit length given by
and W ¼ W s þ W m is the total energy per unit length. In (33) and (34) we introduced an average energy velocity that describe the total energy flow along the waveguide and given by 
The expression for the total modal gain (Eq. 31) can be extended to situations where cross-section of a waveguide contains several gain and loss regions. The total (net) modal gain is simply the sum of materials gain (or loss) over all regions weighted by the respective CF. The physical meaning of the CF for each separate region is also transparent. The only difference between Eq. (20) and (34) is the energy velocity is now replaced by an average energy velocity due to the existence of different materials. The second factor in Eq. (34) is similar to the more familiar CF: ratio of the energy inside gain medium to the energy over the entire waveguide. But the CF can be significantly increased by the slowing down of average energy velocity. The CF for the metal region contains an extra factor (the third factor in Eq. 33). This factor stems from the dispersiveness of metals. This factor reduces to 1 when dispersion can be ignored. In that case, Eqs. (33) and (34) are completely analogous. Note that Eqs. (33) and (34) give general expressions for waveguides whose cross-section contained both metals and semiconductors. Similar to the case of pure dielectric waveguide, the more general definition of modal gain and CF in this case can serve as a guideline for design to maximize the modal gain through decreasing the average energy velocity.
5.3
Giant modal gain in metal-semiconductormetal-slab waveguide SPP has been known for a long time to be able to tightly confine an electromagnetic field mode at the dielectric-metal interface [10, 11, 73, 74] . But its use for active devices has been limited primarily due to the large metal loss. Thus it is natural to consider the possibility of loss compensation by replacing the passive dielectric material with an active gain material. Such loss compensation has been studied quite extensively [75] [76] [77] [78] . Most of these studies focused on the gain compensation at a frequency well below plasmon resonance, especially around 1.5 mm wavelength [75, 76] . It is important to note that the loss compensation by a gain material far below SPP resonance is possible, as has been demonstrated in the long wavelength lasers (such as THz and mid-infrared lasers) [79] . Far below SPP resonance, there is no SPP excitation and the optical mode is mostly decoupled from electron motion. While good wave-guiding and gain compensation can be achieved at infrared wavelength range or longer, it is interesting to realize nanolasers near SPP resonance, since largest wavelength compression can be achieved there as we mentioned earlier. It is also conceptually more challenging since true SPP is involved and the optical loss is also maximal.
To investigate the possibility of net optical gain in a metal-semiconductor waveguide, we have studied [70] the canonical example of the SPP waveguide that has been studied most extensively in the past, the MSM sandwich waveguide. The MSM waveguide is also a good approximation to our plasmonic laser structure [69] . Surprisingly the issue of modal gain in such a standard structure had never been studied near the SPP resonance before. Several interesting phenomena were revealed in our recent study [70] . First the real part of the propagating wavevector can be dramatically increased by the existence of gain in the core layer near the resonance. The resonance becomes much sharper with increasing of gain in the core (see Fig. 9a ). This means that replacing a passive dielectric material with a gain material can also allow the size of final device to be significantly reduced besides providing optical gain for an active device. As shown in Fig. 9a , the peak value of the real part of the wavevector is around 1.24 Â 10 9 inverse meter for e 00 s ¼ À0:4. The corresponding effective wavelength is only around 5 nm, representing a factor of 100 wavelength compression from the value in vacuum. Thus this would allow a dramatic size reduction of the lasers made. Second, as we increase material gain in the core by changing the imaginary part of the semiconductor to more negative, the total modal loss nears the SPP resonance changes nonmonotonically: it first increases (from black, red to green curves) and then starts to decreases. The increase of modal loss with increase in material gain in the core seems to be counter-intuitive. The reason for such an increase in loss is due to the sharper resonance induced by the material gain. Interestingly, when the material gain increases further, the imaginary part of the wavevector starts to turn into negative at a critical value of material gain (at e 00 s % À0:4), indicating the appearance of modal gain. Furthermore, this modal gain can be as large as 20 million inverse centimeters, or about 1000 times larger than the material gain for e 00 s ¼ À0:4. It was shown [70] that such giant modal gain can be fully explained by the theory of CF presented above. The giant modal gain is due to a dramatic slowing down of the energy velocity near plasmon resonance. As can be seen from Eq. (34), the modal gain is inversely proportional to the energy velocity. As in the case of nanowires with a CF larger than unity, a slowing down of energy propagation leads to an increase of gain per unit length. Any small amount of net gain per unit time is thus amplified into a large gain per unit length by the slow propagation. A detailed understanding of this phenomenon is presented elsewhere [70] . For an alternative understanding in terms of confinement factor, see [71] . The existence of this giant modal gain will have important impact on achieving the smallest nanolasers, since this giant gain exists near the SPP resonance where the maximal wavelength compression enables the smallest device to be made.
6 SPASERs: Surface plasmon amplification by stimulated emission of radiation One of the questions we asked at the beginning was the ultimate size limit of a laser or whether there exists such a size limit. For pure dielectric devices, the half-wavelength limit we discussed at the beginning seems to be the limit along the propagation direction. From our recent experimental demonstration [69] , we already see that the optical thickness of laser (or at least the core of the structure) can be shrunk to smaller than the half-wavelength (see Section 5.1) due to the existence of metallic structures and the fact that no cut-off size is required for a symmetric sandwich waveguide. It seems that there does not exist such a hard limit for device size in general when SPP excitations are involved. Ultimately it is again the amount of gain required (the second length limit, see Section 2) that determines how small we can squeeze a laser.
In this respect, the issue becomes similar to the concept of surface plasmon amplification by stimulated emission of radiation (SPASER), as proposed by Bergman and Stockman [80] . The original idea of SPASER can be conceptually illustrated in Fig. 10 . The essence of the system consists of only a piece of metal and, in its very proximity (much more closely than wavelength involved), a piece of gain material such as a quantum dot, a dye molecule, or a two-level atom. After an electron is excited in the gain material, the existence of a metal in the very proximity makes it much more likely for energy of the excited electron to be transferred to the metal than to emit a photon in free space (Fig. 10b) . The transferred energy thus excites a plasmon mode in the metal, as shown by the red-wiggling lines in Fig. 10b . When another excitation event occurs (Fig. 10c) in the gain material before the plasmon oscillation in the metal dies out, the oscillating plasmon mode will more likely to force (stimulate) the excited electron to give energy to the same existing plasmon mode than to emit a photon in free space (Fig. 10d) , in very much the same way a photon traveling in a cavity mode in a conventional laser stimulates the excited electron to emit into the same cavity mode. Thus the process is very analogous to the conventional lasing process. The only difference is that the oscillating plasmon mode replaces the cavity mode. This was why the process is called SPASER in analogous to the acronym LASER. But exactly speaking, the last two letters ''E'' (emission) and ''R'' (radiation) in SPACER need to be modified, since the key process described above is not the emission of radiation in the sense of emission of free propagating photons. Instead, the energy transfer from excited gain material to plasmon mode is through near-field exchange, not in the form of a propagating field. Stimulated Emission of Radiation may be more appropriately replaced by Stimulated Energy Transfer (SET). Beyond the similarity in operation principle, there are some key differences. First, the replacement of the cavity mode in a conventional laser by an oscillating plasmon mode makes realizing SPASER much more difficult, since plasmons have lifetimes ($10 fs) orders of magnitude shorter than the typical cavity lifetime of a semiconductor laser (a few ps). Second, the ideal picture we described above involves no light or propagating field. The process generates directly coherent plasmons in an ideal case. Bergman and Stockman [81] have envisioned that the oscillating plasmons will eventually emit radiation and such emission can be tailored by the shapes of metals to intentionally favor certain multi-pole modes to minimize radiation lifetime (similar to cavity lifetime). Such re-radiation will emit photons to be detected (used for applications). In reality with many coupled metal-gain material systems, we are more likely to deal with mixed modes, or SPP modes, rather than the pure plasmon modes. In that situation, the optical component of the SPP can be directly detected as the light output.
Several recent experiments attempted to demonstrate SPASER operation, although it is still difficult to say which part of the dispersion curve the system is operating or where the systems operate in the vast continuum between pure photon modes and pure plasmon modes in the SPP dispersion curve. The thin MSM laser is one such example [69] . The thickness below the diffraction limit indicates significantly involvement of surface plasmon excitations. More recent work [82] using hybrid core-shell nanoparticles of 44 nm in diameter shows the smallest example of energy transfer from gain medium to plasmon modes at wavelength around 530 nm. By coupling a single nanowire with a metal surface, it was shown [83] recently that the spontaneous emission factor increases with decrease of wire diameter, transitioning from a standard laser with a definite threshold to a thresholdless device. Further experimental and theoretical investigations are needed to better understand such systems and to make a definite connection between lasers, spacers, and SPP excitations. However, there is no doubt that all these recent developments will challenge our understanding of lasers, spacers, and the concept of threshold.
7 Concluding remarks Size miniaturization has been one of the constant themes of the development of laser science and technology. Semiconductor lasers have experienced a serious of paradigm shifts, each representing a further miniaturization compared to its predecessor. Since the demonstration of the first semiconductor lasers, the characteristic size of a typical semiconductor laser has been reduced from centimeters, 100 mm, a few microns, down to sub-microns nowadays. This sequence of size reductions was made possible by the invention of the corresponding representative ''gain materials'' from the original p-n junction diodes, double heterostructures, to quantum wells, wires, and dots. Equally important, the sequence of size reduction was also accompanied by a series of paradigm shifts in cavity designs: from simple FP cavity, distributed feedback (DFB) cavity, DBRs, PC cavity, to random lasers without a cavity. Up until 2 years ago, the microdisk laser and PC lasers represented the smallest conventional lasers pursued by the optoelectronic community, even though nanowire lasers have been around for quite some time. It seems reasonable to assume that the birth of plasmonic lasers (or SPASERs) represents another paradigm shift, with the characteristic dimension of a laser below 100 nm. Such lasers will be true nanolasers and represent a significant step in closing the size gap between electronic and optoelectronic devices. Figure 10 (online color at: www.pss-b.com) Schematic presentation of various stages in a SPASER process: blue ellipse, metal structure; green ellipse, active material (e.g., a quantum dot). The initial state of the system is: (a) no plasmon oscillation in metal and an electron is excited (indicated by a two-level atom); (b) excited electron spontaneously transfers energy to excite plasmons in metal instead of emitting a photon into free space; (c) the atom is re-excited with plasmon oscillation in metal still present; and (d) existence of plasmon oscillation in metal stimulates the energy transfer to reenforce the same plasmon mode instead of emitting photon into free space.
A natural question that arises is the applications of nanolasers. An automatic consequence of the size reduction of lasers is the deterioration of far-field beam quality, as we see already in the case of nanowire lasers [39] . Therefore any application of nanolasers is necessarily short-distance or near-field based, or serious beam engineering would be necessary. The most often cited applications of such nanolasers are in the area of integrated photonics or hybrid-integrated electronic and photonic systems. This can be for pure data communications or data processing (computing) for future computer chips. On-chip detection and sensing is another area where nanolasers could be used as strongly localized laser sources to excite fluorescence. But all these applications are more speculative in nature before highly reliable electrical injection nanolasers can be produced routinely, well characterized, and their properties are fully understood. To this end, extensive basic research is still needed in device design, fabrication, and device physics including fundamental understanding of light matter interaction at nanoscale, especially when plasmonic structures are involved.
